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Based on the two new theorems, the nonuniqueness of the Boussinesq–Galerkin solution is studied, and then the scope
of the nonuniqueness is discussed. In previous works of Cheng, and Barrett and Ellis, they claimed that the Boussinesq–
Galerkin solution is nonunique, through using some assumptions to simplify the expressions of displacement functions.
However, it should be pointed out that these authors did not provide convincing arguments to support their assumptions.
In present work, we give a rigorous reasoning process to show the nonuniqueness of the Boussinesq–Galerkin solution,
and then discuss the validity of the assumptions of Cheng, and Barrett and Ellis.
 2006 Elsevier Ltd. All rights reserved.
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Many eﬀorts have been made on seeking for the general solution of elasticity. The important results
include: the Boussinesq–Galerkin (B–G) solution, the Papkovich–Neuber (P–N) solution and the Naghdi–
Hsu (N–H) solution. On the other hand, the completeness of these solutions has been proved by Mindlin
(1936), Sternberg and Gurtin (1962), Naghdi and Hsu (1961), Wang (1988) and Wang (2003), respectively,
among others. Especially, Wang (2003) showed that if the general solution is nonunique and moreover the
scope of the nonuniqueness is given, then some simpliﬁcations can be made in elastic analysis, e.g. reducing
the number of unknown functions. Wang (2003) also showed that the B–G solution and the P–N solution
are nonunique, but the N–H solution is unique. Recently, Gao and Zhao (2005) gave the general solution
of quasicrystals elasticity by an operator method, and further proved that it is of both complete and
nonunique.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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used in the theory of beams and plates (Cheng, 1979; Barrett and Ellis, 1988). Cheng (1979) pointed out: Since
the three functions u 0, v 0, and w in (5) are expressed in terms of four arbitrary functions fi (i = 0,1,2,3), one of
them may be, without loss of generality of u 0, v 0 and w, set equal to zero. Thus we set f0 = 0 in (5) and further
choose Fa = fa and $2F3 = 2f3 (since f0 = 0). In fact, this indicates that Cheng made some assumptions to
simplify the expressions of displacement functions. We here deﬁne ‘‘f0 = 0’’ as the assumption 1, and
‘‘Fa = fa and $2F3 = 2f3’’ as the assumption 2, respectively. Obviously, the assumption 2 is stronger than
the assumption 1.
In addition, Barrett and Ellis (1988) pointed out: Cheng does not establish that this is a unique expression for
u, . . . , this expression is considerably simpliﬁed if the F’s and f’s are chosen to satisfy the three additional con-
ditions Fx = fx, Fy = fy, and $2Fz = 2fz. This means that Barrett and Ellis (1988) applied the same assump-
tion as the above assumption 2.
However, all the authors did not provide convincing arguments to support their assumptions. In other
words, their assumptions are unwarranted. Some physical or mathematical explanations should be provided
to show why and in which case the function f0 can be set equal to zero. On the other hand, a more convincing
reasoning process is also needed to show the nonuniqueness of the B–G solution. In the present work, the non-
uniqueness and the scope of the nonuniqueness of the B–G solution are strictly studied, and then based on the
obtained results, the valid condition of the function f0 = 0 is discussed.2. The nonuniqueness of the B–G solution
For a linear, homogeneous and isotropic body, the Navier’s equations of equilibrium, in the presence of a
body force F, can be expressed asð1 2mÞr20uþr0ðr0  uÞ þ
1 2m
G
F ¼ 0; ð1Þwhere u denotes the displacement ﬁeld, m Poisson’s ratio, G the shear modulus, $0 the gradient operator, and
r20 Laplacian operator, respectively. The general solution of Eq. (1) has been established in various forms, in
which the B–G solution is widely used and has the form asu ¼ r20A
1
2ð1 mÞr0ðr0  AÞ; ð2Þwherer40A ¼ 
F
G
: ð3ÞBelow we introduce Theorem 1 to show that the potential function A in Eq. (2) is nonunique.
Theorem 1. If the solution u of Eq. (1) may be represented in the same form as the B–G solution (2), the potential
function A can be changed toeA ¼ Aþr20B þ 11 2mr0ðr0  BÞ; ð4Þ
wherer40B ¼ 0; ð5Þ
then the B–G solution (2) still comes into existence.Proof. Assuming that eA satisﬁes Eq. (4), one obtains
r20 eA  12ð1 mÞr0ðr0  eAÞ ¼ r20A 12ð1 mÞr0ðr0  AÞ þ r40B: ð6Þ
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Taking the biharmonic operator r40 on both sides of Eq. (4), we obtainr40 eA ¼ r40Aþr20r40B þ 11 2mr40r0ðr0  BÞ ¼ r40A ¼  FG : ð8Þ
Eqs. (5) and (3) are used in the second and third parts of the preceding Eq. (8), respectively. Therefore, eA sat-
isﬁes the same Eqs. (2) and (3) as A does. Thus, the theorem is proved.
The detailed proof on Theorem 1 can be found in the work of Wang (2003). In the following we introduce
Theorem 2 to determine the scope of the nonuniqueness of the B–G solution. hTheorem 2. Assume that the solution u of Eq. (1) has two forms asu ¼ r20AðiÞ 
1
2ð1 mÞr0ðr0  A
ðiÞÞ ði ¼ 1; 2Þ; ð9Þwherer40AðiÞ ¼ 
F
G
: ð10ÞThen, there exists C which satisfiesAð1Þ  Að2Þ ¼ r20C þ
1
1 2mr0ðr0  CÞ; r
4
0C ¼ 0: ð11ÞProof. From Eq. (9), it can be foundr20ðAð1Þ  Að2ÞÞ 
1
2ð1 mÞr0½r0  ðA
ð1Þ  Að2ÞÞ ¼ 0: ð12ÞLet D be the solution of the following equation:r40D ¼ Að1Þ  Að2Þ; ð13Þ
Then the following function C:C ¼ r20D
1
2ð1 mÞr0ðr0 DÞ ð14Þwill satisfy Eq. (11). In fact, from Eqs. (14) and (13) we haver20C þ
1
1 2mr0ðr0  CÞ ¼ r
4
0D ¼ Að1Þ  Að2Þ: ð15ÞTaking the biharmonic operator r40 on both sides of Eq. (14) results inr40C ¼ r20r40D
1
2ð1 mÞr0ðr0  r
4
0DÞ ¼ r20ðAð1Þ  Að2ÞÞ 
1
2ð1 mÞr0½r0  ðA
ð1Þ  Að2ÞÞ ¼ 0: ð16ÞEqs. (13) and (12) are used in the second and third parts of the preceding Eq. (16), respectively. From Eqs. (15)
and (16), C deﬁned by Eq. (14) satisﬁes Eq. (11). Thus, the proof of Theorem 2 is obtained. h3. The application of the nonuniqueness of the B–G solution
In the absence of body force F, it is found that A, eA and B are three biharmonic functions. A can be chan-
ged to eA in the B–G solution (2) according to Theorem 1. In terms of the operator method developed by
Cheng (1979), one obtains the following symbolic solutions of three biharmonic functions A, eA and B:
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sinðx3rÞ
r f3;
eAa ¼ sinðx3rÞr eF a þ x3 cosðx3rÞ~f a; eA3 ¼ cosðx3rÞeF 3 þ x3 sinðx3rÞr ~f 3;
Ba ¼ sinðx3rÞr Ga þ x3 cosðx3rÞga; B3 ¼ cosðx3rÞG3 þ x3
sinðx3rÞ
r g3;
ð17Þwhere a = 1,2, $ is the two-dimensional gradient operator in x1 and x2, and Fi, fi, eF i, ~f i, Gi and gi (i = 1,2,3)
are unknown displacement functions of x1 and x2, respectively. When the third and fourth equations of Eq.
(17) are substituted into the B–G solution (2), the expressions for the displacement components areua ¼ 2r2 sinðx3rÞr
~f a  1
2ð1 mÞ
sinðx3rÞ
r
~f 0 þ x3 cosðx3rÞ  sinðx3rÞr
 
ð~f a;a þ ~f 3Þ
 
;a
;
u3 ¼ 2 cosðx3rÞ~f 3  1
2ð1 mÞ cosðx3rÞ
~f 0  x3r2 sinðx3rÞr ð
~f a;a þ ~f 3Þ
 
;
ð18Þwhere the symbol ‘‘,’’ denotes the partial derivative with respect to the spatial variable, the repeated indices
imply summation, and ~f 0 is deﬁned as~f 0 ¼ ðeF a þ ~f aÞ;a þ 2~f 3 r2eF 3: ð19Þ
The angles of rotation u 0, v 0 and the deﬂection w of the neutral surface of plates can be found to beu0 ¼ u1;3jx3¼0 ¼ 2r2~f 1 
1
2ð1 mÞ
~f 0;1; v0 ¼ u2;3jx3¼0 ¼ 2r2~f 2 
1
2ð1 mÞ
~f 0;2;
w ¼ u3jx3¼0 ¼ 2~f 3 
1
2ð1 mÞ
~f 0:
ð20ÞNow we turn to prove that it is always possible to choose some functions Gi and gi so that the assumption 1
comes into existence. Substituting Eq. (17) into Eq. (4), one obtains the following expressions:eF a ¼ F a  2r2ga þ 11 2m ðGa;a r2G3 þ g3Þ;a; ~f a ¼ fa þ 11 2m ðga;a þ g3Þ;a;
eF 3 ¼ F 3 þ 2g3 þ 11 2m ðGa;a þ ga;a r2G3 þ 2g3Þ; ~f 3 ¼ f3  11 2mr2ðga;a þ g3Þ:
ð21ÞFrom Eq. (21), Eq. (19) can be re-written as~f 0 ¼ f0  4ð1 mÞ
1 2m r
2ðga;a þ g3Þ; ð22Þwhere f0 = (Fa + fa),a + 2f3  $2F3. From Eq. (22), we ﬁnd that ~f 0 ¼ 0 holds when the following
equation:ga;a þ g3 ¼
1 2m
4ð1 mÞ
f0
r2 ; ð23Þis satisﬁed in Eq. (17), where f0/$
2 is a Newtonian potential, i.e.f0
r2 ¼ 
1
4p
Z Z Z
X
f0ðn; g; 1Þ
q
dndgd1; q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  nÞ2 þ ðx2  gÞ2 þ ðx3  1Þ2
q
; ð24Þwhere X is the region of the elastic body. Since Gi and gi are arbitrary functions, without loss of generality, in
terms of Eq. (23) we can take their solutions asGi ¼ ga ¼ 0; g3 ¼
1 2m
4ð1 mÞ
f0
r2 : ð25ÞBased on Eq. (25), the expressions of eF i and ~f i in Eq. (21) can be expressed as
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4ð1 mÞ
f0;a
r2 ;
~f a ¼ fa þ 1
4ð1 mÞ
f0;a
r2 ;
eF 3 ¼ F 3 þ f0r2 ; ~f 3 ¼ f3  14ð1 mÞ f0: ð26Þ
As a result, Eq. (20) can be changed tou0 ¼ 2r2~f 1; v0 ¼ 2r2~f 2; w ¼ 2~f 3: ð27Þ
Up to here the three basic functions u 0, v 0 and w have been expressed in terms of three functions ~f i. The func-
tion ~f 0 disappears in the preceding Eq. (27); conversely, it appears in Eq. (5) by Cheng (1979). Generally
speaking, if the functions eF i and ~f i satisfy Eq. (26), the present expressions for the angles of rotation and
the deﬂection of the neutral surface of plates have a function ~f 0 less than the corresponding expressions by
Cheng (1979). Therefore, the assumption 1 always holds. From Eqs. (18) and (27) and the assumption 1,
the same results as those of Eq. (7) by Cheng (1979) can be expressed in terms of the three basic functions
u 0, v 0 and w.
In addition, if the assumption 1 is used instead of the assumption 2, the same results as those of Eqs. (9) and
(10) given by Barrett and Ellis (1988) can be obtained. Therefore, the assumption 2 is unnecessary, and thus
the relaxed assumption 1 is chosen to replace it.
4. Conclusion
With the introduction of two new theorems, the nonuniqueness and the scope of the nonuniqueness of the
B–G solution are ﬁrst studied, respectively. Then, using the nonuniqueness of the B–G solution, we make
some simpliﬁcations to reduce the number of unknown displacement functions and discuss the valid condition
of the assumption 1 in previous works, that is, it should satisfy Eq. (26). It can be concluded that the assump-
tion 1 can be obtained directly from the nonuniqueness of the B–G solution, and that the present work makes
Cheng’s assumption more reasonable. In addition, it can be found that the assumption 1 is an absolutely nec-
essary condition, while the assumption 2 is an unnecessary condition.
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